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1 Supplementary Methods

1.1 The Perfect Partial Immunity Model

1.1.1 Derivation of the degree distribution for the extended residual

network model

The full derivation for the degree distribution of the extended residual network
model proceeds as follows:

The extended residual network consists of the uninfected nodes of the pre-
vious epidemic, a proportion α of the infected nodes of the previous epidemic,
and all the edges joining them. Thus, the degree distribution for the extended
residual network is given by

p2 (k) =
puninfected2 (k) + αpinfected2 (k)∑

j

p1(j)η1(j) + α
∑
j

p1(j) (1− η1(j))
(1)

The fraction of nodes that remained unifected in the �rst epidemic and have kr
contacts with other nodes in the extended residual network can be found by

puninfected2 (k) =
∑
κ≥k

p1(κ)ηκp2 (k|κ) (2)

where p2 (k|κ) is the probability that a node in the extended residual network
will have degree k given that it had a degree of κ in the original network. This
conditional distribution can be calculated as
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p2(k|kinit = κ) =
(
κ
k

)
(u1 + (1− u1)α)κ ((1− u1)(1− α))κ−k (3)

as discussed in the main text. Following Bayes rule, puninfected2 (k) is then the
sum of the product of the probabilities that a node in the extended residual
network has degree kr given that it had original degree κ , (p2(k|κ)), the
probability that the node of original degree κ was uninfected in the �rst
epidemic, η1(κ), and the probability that the node had original degree κ ,
(p1(κ)) . In a similar way, the fraction of nodes that were infected in the �rst
epidemic and have k contacts with other nodes in the extended residual
network can be calculated as:

pinfected2 (k) =
∑
κ≥kr

p1(κ) (1− η1(κ)) p2 (k|κ) (4)

Thus, by substituting equations 2 and 4 into equation 1, we have:

p2 (k) =

∑
κ≥k

p1(κ)η1(κ)p2 (k|kinit = κ) + α
∑
κ≥k

p1(κ) (1− η1(κ)) p2 (k|kinit = κ)∑
j

p1(j)η1(j) + α
∑
j

p1(j) (1− η1(j))

(5)
And lastly, by substituting equations 3 into equation 5, we have:

p2 (k) =∑
κ≥k

p1(κ)η(κ)

(
κ
k

)
(u1+(1−u1)α)k[(1−u1)(1−α)]κ−k+α

∑
κ≥k

p1(κ)(1−η(κ))

(
κ
k

)
(u1+(1−u1)α)k[(1−u1)(1−α)]κ−k∑

j

p1(j)η1(j)+α
∑
j

p1(κj(1−η1(j))
.

1.1.2 Examples of the degree distribution of the extended residual

network

Figure 1 shows examples of the degree distribution of the extended residual
network for networks of type Poisson, exponential and scale-free at three values
of α. We note that the degree distribution for α = 1 is identical to the de-
gree distribution for the original contact network, and that as α decreases, the
population becomes more homogeneous.

1.2 The Leaky Partial Immunity Model

To �nd the size of an epidemic, we �nd the size of a cluster of infected nodes
attached to a node. We de�ne the probability generating functions for the
outbreak (cluster) size distribution starting from an A and B node, respectively,
as:
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Figure 1: We show examples of the degre of the degree distribution of the
extended residual network for networks of type Poisson, exponential, and scale-
free at three values of α.
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FA(x, y;TAA, TAB) =
∑

Prsx
rys

GB(x, y;TAA, TAB) =
∑

Qrsx
rys

where x counts the number of A nodes in the cluster and y counts the number of
B nodes in the cluster. To solve for FA and GB ,we �nd FAA, FBA, the PGFs for
the size distribution of an outbreak starting from an (infected) node of type A
which has been reached by following an edge from an (infected) type A(B) node,
GAB , GBB , and the PGFs for the size distribution of an outbreak starting from
an (infected) node of type A which has been reached by following an edge from
an (infected) type A(B) node. Following the recursive logic of the derivations
in [Newman, 2002], FAA and the other escess cluster size PGFs are given by the
self-referential equations:

FAA(x, y; {T}) = xfAA(FAA(x, y; {T}), GAB(x, y; {T});TAA, TAB),

FBA(x, y; {T}) = xfBA(FBA(x, y; {T}), GBB(x, y; {T});TAA, TAB),

GAB(x, y; {T}) = yg(FBA(x, y; {T}), GBB(x, y; {T});TBA, TBB),

GBB(x, y; {T}) = yg(FBA(x, y; {T}), GBB(x, y; {T});TBA, TBB).

Similarly, we �nd that

FA(x, y;TAA, TAB) = xfA(FAA(x, y; {T}), GAB(x, y; {T});TAA, TAB),

GB(x, y;TBA, TBB) = ygB(FBA(x, y; {T}), GBB(x, y; {T});TBA, TBB).

1.2.1 Size of a small outbreak

To �nd the size of an epidemic, we begin by solving for the expected outbreak
size starting from an infected node. The expected number of A nodes in an
outbreak starting from an A node is:

sAA =
∂FA
∂x
|x=1,y=1 = 1+

(
TAA

∂fA
∂x
|x=1,y=1

∂FAA
∂x
|x=1,y=1 + TAB

∂fA
∂x
|x=1,y=1

∂GAB
∂x

|x=1,y=1

)
(6)

Similarly, the other three types of expected outbreak sizes can be calculated as:

sAB =
∂FA
∂y
|x=1,y=1 =

(
TAA

∂fA
∂y
|x=1,y=1

∂FAA
∂y
|x=1,y=1 + TAB

∂fA
∂y
|x=1,y=1

∂GAB
∂y

|x=1,y=1

)
(7)
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sBA =
∂GB
∂x
|x=1,y=1 =

(
TBA

∂gB
∂x
|x=1,y=1

∂FBA
∂x
|x=1,y=1 + TBB

∂gB
∂x
|x=1,y=1

∂GBB
∂x

|x=1,y=1

)

sBAB =
∂GB
∂y
|x=1,y=1 =

(
TBA

∂gB
∂y
|x=1,y=1

∂FBA
∂y
|x=1,y=1 + TBB

∂gB
∂y
|x=1,y=1

∂GBB
∂y

|x=1,y=1

)
To solve for the mean outbreak sizes above, we take partial derivatives of

the excess outbreak size distribution PGFs:

∂FAA
∂x
|x=1,y=1 =

1− TBB ∂gBB
∂y

χ
(8)

∂GAB
∂x

|x=1,y=1 =

(
1− TAA

(
∂fAA
∂x −

∂gAB
∂x

))(
TBBTBA

∂fBA
∂y

∂gBB
∂x + TBA

∂fBA
∂x

(
1− TBB ∂gBB

∂y

))
χ

∂FBA
∂x
|x=1,y=1 =

(
1− TAA

(
∂fAA
∂x −

∂gAB
∂x

))(
1− TBB ∂gBB

∂y

)
χ

∂GBB
∂x

|x=1,y=1 =

(
1− TAA

(
∂fAA
∂x −

∂gAB
∂x

))(
TBA

∂gBB
∂x

)
χ

∂FAA
∂y
|x=1,y=1 =

TAB
∂fAA
∂y

(
1− TBB

(
∂gBB
∂y −

∂fBA
∂y

))
χ

∂GAB
∂y

|x=1,y=1 =

(
1− TAA ∂fAA∂x

)(
1− TBB

(
∂gBB
∂y −

∂fBA
∂y

))
χ

∂FBA
∂y
|x=1,y=1 =

(
TAB

∂fAA
∂y

)(
1− TAA

(
∂fAA
∂x −

∂gAB
∂x

))(
1− TBB

(
∂gBB
∂y −

∂fBA
∂y

))
χ

∂GBB
∂y

|x=1,y=1 =

(
1− TAA ∂fAA∂x

)
−
(
TAB

∂fAA
∂y

)(
TBA

(
∂fBA
∂x + ∂gBB

∂x

)(
1− TAA

(
∂fAA
∂x −

∂fAA
∂y

)))
χ

where,

χ = αβ + γ (9)
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with

α =
(

1− TAA
(
∂fAA
∂x

− ∂gAB
∂x

))(
−TABTBA

∂fAA
∂y

)

β =
(
TBB

∂fBA
∂y

∂gBB
∂x

− ∂fBA
∂x

(
1− TAA

∂gBB
∂y

))

γ =
(

1− TAA
∂fAA
∂x

)(
1− TBB

∂gBB
∂y

)
Then, substituting the set of partial derivatives above (equations # 8) into

equation 6 and 7 above yields equations for the expected small outbreak sizes.

1.2.2 Threshold Conditions

The expected small outbreak sizes above all diverge when χ = 0. Thus this is
a divergence condition that can be used to solve for threshold values on TAA,
TAB , TBA, and TBB . In our partial immunity model, we assume that TAA = T2,
TAB = TBA = T2α, and TBB = T2α

2. Combining the threshold condition χ = 0
with equation 9 above as well as the values for TAA, TAB , TBAand TBB in terms
of T2and α, we use numerical polynomial root �nding to solve for Tc2, the root
of the following equation:

αβ + γ = 0

(
1− T2

(
∂fAA
∂x

− ∂gAB
∂x

))(
−T 2

2α
2 ∂fAA
∂y

)(
T2α

2 ∂fBA
∂y

∂gBB
∂x

− ∂fBA
∂x

(
1− T2

∂gBB
∂y

))
+ ...

...

(
1− T2

∂fAA
∂x

)(
1− T2α

2 ∂gBB
∂y

)
= 0

Then, the epidemic threshold for the individual-level immunity model is:

(T2c)leaky = T2ceUU +
T 2c

α
eUI +

T 2c

α
eIU +

T2c

α2
eII

where, eUU ,eUI ,eIUand eII are the proportion of all edges in the network that
are from uninfected (infected) to infected (uninfected) nodes, respectively, and
can be calculated as

eUU = U
∂fA
∂x∑
kpk

,

eUI = U

∂fA
∂y∑
kpk

,

6



eIU = I
∂gB
∂x∑
kpk

,

eII = I

∂gB
∂y∑
kpk

.

Here, U and I are the fraction of uninfected and infected nodes in the previous
epidemic, respectively, and can be calculated as U =

∑
pk (1− T1 + T1u1)

k
and

I = 1− U , where pk is the degree distribution of the original contact network,
T1 is the transmissibility of the pathogen from the �rst epidemic, and u1 is the
probability of following a random edge in the network after the �rst epidemic
and reaching an uninfected node.

1.2.3 Structure of the two-type network

We �nd the joint degree distributions for a two-type network where nodes of type
A are uninfected nodes and nodes of type B are infected nodes from the previous
epidemic. If we de�ne pij to be the degree distribution for uninfected (type A)
nodes, and i and j to be the uninfected-degree (A-degree) and infected-degree
(B-degree) for these nodes, then we can calculate pij as:

pij = pkoηko

(
ko
i

)
ui1 (1− u1)

j

where the probability of an uninfected node have uninfected-degree i and infected-
degree j is equal to the product of the probability that the node had original
degree ko (which is equal to pko), the probability that the node of degree ko was
uninfected (which is equal to ηko) and the binomial probability that i of the ko
edges of this node are connected to other uninfected nodes (which occurs with
probability u1) and the remaining j of the ko edges of this node are connected
to infected nodes (which occurs with probability (1− u1)). Similarly, we can
calculate qij ,the probability that a previously infected node will have uninfected
degree i and infected degree j:

qij = pko (1− ηko)
(
ko
i

)
ui1 (1− u1)

j

2 Supplementary Analysis

2.1 Results on a Demographic Contact Network

In Figure 2, we compare the predictions for size of second epidemic from our two
analytical models to simulations for a network with non-random structure. The
network is made up of 2500 nodes that represent individuals and edges represent
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disease-causing contacts, and is generated by an activity-based contact network
generator for data from the urban area of Vancouver, Canada (Meyers et al,
2005.)
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Figure 2: Expected size of second epidemic for the pefect and leaky partial
immunity analytical models (lines) and simulations (markers) for a realistic
network based on empirical contact patterns in the urban area of Vancouver,
Canada.

2.2 Di�erences between Partial and Leaky Immunity Mod-

els

As discussed in the main text, the perfect and leaky models of partial immunity
lead to di�ering epidemic consequences (as measured by the expected size of a
large epidemic in a subsequent season). In Figure 3, we consider the di�erence in
S2, the size of the second season epidemic, as predicted by the perfect immunity
model and the leaky immunity model for the Poisson network type. The �gure
shows the equivalence of the predictions for α = 0 and α = 1. The red parts of
the plots represent areas where (S2)leaky is smaller than (S2)perfect, whereas the
blue parts represent areas of the parameter space where (S2)perfect is smaller.

8



Second Season Transmissibility (T
2
)

Lo
ss

 o
f I

m
m

un
ity

 (
α)

 

 

0   0.25 0.5 

0  

0.5

1  

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

S
2perfect

−S
2leaky

Figure 3: Di�erences in the expected size of a subsequent epidemic for the
perfect and leaky immunity models in the ranges T2 ∈ [0.0, 0.5] and α ∈ [0.0, 1.0]
for a Poisson network of mean degree 10.
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Figure 4: The reinvasion threshold for a second pathogen into a population with
perfect partial immunity for a Poisson-distributed and power law-distributed
random network of mean degree 10.

2.3 Reinvasion Criteria for the Perfect Immunity Model

In Figure 4 we consider the reinvasion threshold as measured by T2c for the
perfect partial immunity model in terms of T1 and α.
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